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A.B ~ ~ .R ACT
A simple method is presented for the calculation of
thermal and residualstr~sses produced in individual plates
. due to welding. Comparisons of the residual stress distri.-
bution. are made with experimental results •
. The method is a step-by-step method for the computation
of the residual stresses arising in welded plates, based on a
knowledge of the temperature distribution as obtained from
the equations in the literature. The,boundary of the plastic
deformations is automatically used in the calculatlonand is
not determined specifically. The method takes equilibrium
into account at all stages of cooling, simulating the spon-
taneous equilibrium which actually occurs. The method is
also applicable to edge-welded plates.
The accuracy of the method is limited by a knowledge
of the variation of the material properties with temperatur7
and by a knowledge of the heat losses during welding. Cal-
culations are presented fo~ both center-weldad and edge-
welded structural steel plates, and are compared with ex-
perimental results for the same plates. For certain examples,
the thickness and width of the plates have been taken into
account.
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1. INTRODUCTION
This paper presents the results of a theoretical in-
vestigation into the residual stress distribution set up
in steel plates welded either at the center or at the edge.
Residual stresses due to welding or cooling from roll-
ing are thermal stresses remaining when the material has
cooled to ambient temperature.(1) Thermal stresses have
been investigated both analytically and ,experimentally for
a numb~r of years, the first theoretical studies being based
incorrectly on the premise that the heated material remains
wholly elastic.
,Welded built-up members are being used more frequently
in steel construction due to economy, convenience and aes-
thetics. It is only recently that a true insight into the
behavior of columns under load has shown that the residual
stress distribution inherent in the cross section plays a
major role in the column strength characteristics. (2)(3)
Welded .shapes have residual stress magnttudes and distribu-
ti~ns different froID,:those of rolled shapes, and yet design
formulas prepared for rolled structural shapes are being
applied to welded columns.
During the pioneer years of arc-welding a number of
-1-
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decades ago, the analytical and experimental investigation
of the welded joint had presumed an elastic behavior through-
out the complete process of welding. It was not until 1936,
when Boulton and Lance Martin(4) published analytical and
experimental results, that it was shown that welding induced
plastic deformation of material in and near the weld, and
that the residual stresses resulting after cooling were due
to these plastic deformations.
Fujita(5) studied the thermal and residual stresses
arising in a center-welded plate by both experimental and
theoretical means. His tests indicated that the temperature
- distribution of a plate can be assumed to be that of an in-'
finite plate if the width of the plate is wider than about
10".
The residual stress in any fiber of a material in the
as-cooled condition may be regarded as the thermal stress
in that fiber after cooling. Thermal stresses in plates
under a temperature gradient have been s~udied to a consid-
erable extent(6) and are dependent on the temperature dis-
tribution in the plate. The derivation of the temperature
distribution is the most important step towards the deriva-
tion of the thermal and residual stresses. When combined
with the plastic deformation oc~urring, the welded plate
problem becomes very, formidable, so much so that early solu-
tio,ns made assumptions which cannot be accepted in the light
of present knowledge.
249.11
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This paper presents a simple step-by-step method for
the computation of the residual stresses resulting in welded'
plates, based on a knowledge of the temperature distribution
as obtained from the equations existing in the literature.
The boundary of the plastic deformations is automatically used
in the calculation and is not determined specifically. The
method takes equilibrium into account at all stages of cool-
ing, simulating the spontaneous eqUilibrium which actually
occurs.
This paper presents the results of one phase of a gen-
eral study on residual stresses and the strength of welded
built~,u:p columns. The purpose of this phase was to measure
and predict the residual stresses arising from edge- and
center~welds, simulating welds occurring in built-up sec~ns~
BUilt~up welded cross sections may be considered separately
as plates with welds, provided the effect of restraint of
adjacent plates is taken into account. On this basis, if
the residual stress distribution ,in ari individual plate du~
to a certain weld 1s known, then it will be possible to pre-
dict the residual stress distribution of any welded cross-
sectional shape.
The investigation was concerned only with bars and uni-
versal mill plates of ASTM Designation A7 structural Steel of
sizes 6" x 1/4", 8" x 1/2" and 12" x 3/4". The plates con-
sidered for computatlonwere single plates edge-welded, center-
welded, or tw'o plates butt-w'elded to simulate a center-welded
plate. A single pass weld was considered, although the method
is appLicable to multi-pass iV'elds.
2. TEMPERATURE DISTRIBUTION
The derivation of the analytical expressions for the
di stribution of temperature in a heated plat"e depends qn
many factors, such as thickness of plate, size of plate,
speed of welding, position of weld, not to mention such
factors as the thermal properties of the plate. The anal-
ysis which has the greatest use with the plates used in
fabricated stee~ structures is one which considers an in-
fini te plate of "a thickness sufficiently small to regard
the plate problem as two dimensional, and with the weld de-
posited in a bead which is uniform throughout the thickness
of the plate. Such an analysis was first performed, simul-
taneously and independently, by Boulton and Lance Martin(4)
and by .Rosenthal (7) ." The derivation of the equations is
assisted to a great extent by the,unique and complete anal-
yses into the conduction of heat in solids by Carslaw and
Jaeger(8) •
An insight into the problem of temperature distribution
may be obtained from the outline of the analysis for tempera-
ture dtstributiqn giyeri in Ref. 90
IThe following assumptions were made for the analysis:
•
1.• the qeat losses through the surface of· the
plate are neglected,
-4-
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• 2. the heat source is a point source, and any
effects at the edge due to this assumption
are negelected,
3. the temperature at a great distance from
the source of heat remains unchanged, and
4. the physical properties of the material
are con~tant.
-5
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Figure 1(a) illustrates the variation of temperature
due to the heat source. (The temperature distributions
shown at various cross sections are necessary for the com-
pu~ation of thermal stresses.)
It has been shown that the general equation for the
temperature distribution is:
T
where
(edge weld) (2. 1 )
j~ 2 + 2'r = y
h = thickness of plate
K
o =
modified Bessel function of second
kind, zero order
k
-
thermal conductivity
Qp = tot~l heat input
v = velocity of welding' rod
•
1
--21\. -
-
k
-- = thermal diffusivity
sf
s = specific heat of material
p = density of material
249.11 -6
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Equation 2.1 has been derived for a two dimensional
plate which has an edge and a finite thickness, but is in-
finite in the other directions, as shown in Fig. 1(b). For
a finite plate with.an edge-weld, the' equation is directly
applicable for all but the narrowest widths. For narrow
plates, the temperature distribution. may be obtained from
that for the infinite case, by use of the "mirror method"(7) ,
shown, in Fig. 2. (The mirror method assumes that the tem-
perature distribution for a finite plate is the summation
of the temperature distribution for an infinite plate ,with
that of its mir:r;or image.) Thetemperatur~ distrib'q.tion may
be obtained for center-welded plates in a manner similar to
that for edge-welded plates, provided that half the heat
input is assumed to enter each plate on both sides of the
weldo (For the two-dimensional case of relatively thin
plates, butt-welded similar plates and,center-welded single
plates may be regarded as identical.) Equation 2.1, there-
fore, is most versatile, being used to compute the tempera-
.
ture distributions in edge-welded plates, center-welded
plates, and by superposition, in plates welded on two edges
simultaneously. All these cases are applicable for use in
the calculation ,of temperature distribution for plates com-
"posing fabricated struotural shapes, such as H- and box-shapes •
Equation 2.1 has been derived in a modified, form by
authors other than those given above. Analyses also exist
for the temperature distribution in solids with different
boundary conditions SUbjected to moving heat sources.
•
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Studies ,also exist on the physical properties of steels and.
the effect of these on the heat transfer)19,11 ,12,13,14,15)
An example of the calculation of temperature distribu-
tion for a center-welded plate as well as the values to be
used for the constants is given in Appendix A of Ref. 9.
3. MATERIAL PROPERTIES AT ELEVATED TEMPERATURES
The thermal and residual stress computation is depend-
ent upon the three parameters, yield point, Young's modulus
of elasticity, and the coef~icient of linear expansion of
the material under consideration (that is, A&-= ex • ..6l T.E) •
Figure 3 shows the approximate variation ,of these three
physical properties with temperature for, mild steel(16). The
word "approximate" has to be used when describing these phys-
ical properties, since the variation is so great between
materials differing only slightly in chemical content and
bedause the measurement of these vaiues at elevated temper-
a'tures poses problems great enough to r~nder the correct
application of some values difficult. For instance, although
the yield point in tension is regarded as being of the same
magnitude as that in compression for mild steel, this may
not necessarily ,be so at elevated temperatures even the
•
method of measurement of t~e elevated temperature is diffi-
-
cult. It is for this reason that there is such great varia~
" .
..
tion in the values for the material, properties obtained by
different investigators.
~ '.' .
For the purposes of this investigation, a literature
survey was made and from the experimental values presented
a value was obtained' for each of the three paramete~s,.
-8-
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A number of t~e available papers were investigated (Refs. 16
to 27) in a~ effort to compare and evaluate the methods used
in the measurement, and the average curves as obtained !or
the parameters for mild steel were based on fou~ investiga-
tions, which, it· was felt, reflected favorably with the type
of steel used in this study.(16,17,18,1g) Table 1 enumerates
the chemical composition of the plates and shapes used in the
experimental study, and also that of the steels measured for
physical properties at the elevated temperatures. Figures
4(a), (b) and (c) give the values obtained from the litera-
ture for the physical properties, cry' Et and oc~; limits to
the curves have been given, and the curves used in the com-
putations for this rnvestigation are also shown.
It was noted from the survey that the chemical compo~
sition had its greatest affect on the physical properties
at room temperature, and that at the elevat~d temperatures
the spread of values tended to beco~e smaller. Furthermore,
the stress-strain relationship at the elevated temperatures
deviated considerably from the approximately idealized
. (28)
elastic-plastic relationship at room temperature •.
The yield point was defined in most cases by a 0.1%
offset.· The zero value for the yield point is at approxi-
mately 1500 OF •
It was noted that Young's modulus had an almost linear
decrease from room temperature to about 1000 of and that
above 1400 of no further measurements ~ere possible due to
•
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creep which could not be eliminated. There is a general
-10
conclusion, not proved however, that Young's modulus reaches
zero in the range between 1500 and 2000 OF, depending on the
composition of the steel. Furthermore, most measurements
have been dynamic, and the comparison of dynamic and static
test results is not known. (A bar of the material is vi-
brated transversely, the frequency measured, and Young's
modulus "determined.(19,20))
The coefficient of linear expansion decreases to zero
in the range between 1200 of and 1500 of and then increases
again to the high value this is due to a change (poly-
•
morphic transformation) in the phase diagram of steel at
these temperatures. (The crystal composition of the steel
changes at about 1400 of from ferrite and pearlite to ferrite
and austinite.) No data existed in the literature studied
for this coefficient at a temperature higher than 1750 of •
••
•
•
4. THERMAL CONSTANTS
Before Eq. 2.1 may be solved the values for the thermal
constants must be known. These constants are not actual con-
stants since they vary with temperature, but may be assumed
as constant, since the inaccuracies involved by so doing are
negligi ble. .The· value s which are giyen 'in thi s study are
taken from a number of sources(4,7,8,24,29) and have been
, .
cross-checked for accuracy.
Equation 2 •.1 contains three thermal constants, namely,
the total heat input Qp' the thermal conductivity k, and the
thermal diffusi';i ty' 1/2l\....
The heat input Qp is a function of the electrode type,
its voltage and amperage, and its electric~l properties, as
well as the radiation from the surface of the plate and from
the depo~ited weld. The heat deposited by an electrode dur-
. (30)ing arc-welding is
Q = A • V • t (4.1)
where
A = current in amperes
V = voltage
t = time in seconds
Q = total heat generated in watts-sec
(or in.0.24 calories).
-11-
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The net heat, or'the heat input is the total heat
less .su6h factors as energy loss due to melting of electrode,
energy supplied to the bead, radiation and other losses.
Rosenthal(7,31) has suggested that 65% of the total heat
goes into the plate and is influential towards the formation
of thermal and residual stresses. This figure of 65% was
assumed constant for all plates on the basis of a theoret-
ical study and experimental v~rification for two edge-welded
plates.(31 ) Jackson and Shrubsall(30 ) in a study concerned
with the distribution of energy during electric weld~ng
showed that a variation occurred for all factors dependent
upon the current, but it was shown that for a curren~ of
approximately 200 amps, 20 - 40% of the energy went into
the melting of Qase metal and the ~elting of the electrode.
Therefore, since the heat loss from the surface is small in
proportion to other losses (this being one of .the assump-
tions of the de~ivation of Eq. 2.1), the final heat input
into the plate may be approximately that obtained by Rosen-
thal in his investigation.(31 ) Although the actual heat in-
put may vary with the welding conditions, for convenience
for this study, Ro'senthal f s value of 65% was assumed at
first. (Since the experimental verification of this value
was obtained from two edge-welded plates, it may be possible
that smaller heat losses will occur for V-groove welds, or
for fillet welds.)
~s the theoretical investigation progressed, it became
obvious that the differences between theoretical and experi-
•
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mental results were too great to be explaine~ by the varia-
tion of material properties at high t'emperatures.Finally,
co~putations were made using various percentages for the
. -",. 'j: "
~~oportion of total heat generated which actually went into
the plate. This is discussed further in Section 5. Further
information on the heat flow in arc-welding is available in
the literature.(32 ,33)
~he therm~l conductivity, k, is a parameter defining
the proportionality of the ·flow of heat between two surfaces
and the difference of temperature of these two surfaces.
Although it vari.es wt th temperature, i 1:; is l3.pproximately
constant, and this can be seen in Fig. 5 which plots the
. par~meter at varying temperature s and for differ'ent carbon
c~ntents.(24,29) A value of 0.40 watt/cm.OO appears to be
average, and this value is 0.096 cal/cm.OO.sec. and quite
close to the figure of 0.1 suggested by Rosentha:l,(7) and the
. (34) .. .A.S.M. ,and 1s adopted for this investigation.
~he thermal diffusivity is a parameter relating the
specific gravity, the specific heat and the thermal conduc-
tivity of a material. The value adopted for this investi-
,...
gation was l\. = 6 sec/cm'::: being an average value obtained
from the literature.(7)
The units ,describing the above constants are in the
metric system, and were transformed into the English system
fO~ use in computation.
••
5. THERMAL AND RESIDUAL STRESSES
As an example of the early elastic theories, Grrrning(35)
assumed that the residual stress was equal to the thermal
st~ess at the instant of welding, the thermal stress being
limited by the yield str~ngth of the material. This value
for residual stress was approximately true since the thermal
stresses at the instant of welding have the greatest influ-
; .< I
ence on the resulting residual stresses.
Boulton and Lance Martin(4) were the first to make a
plastic analysis, and they assumed that the bead created a
"plastic region in the vicinity of the weld and an elastic
region ;elsewhere. The vddth of the. plastic region was deter-
mined as the result of careful experiments. The next note-
worthy .solution was by Rodgers and Fetcher(16) who assumed
an instantaneous thermit weld at the centerl+ne of a plate
and developed a .method which gave the complete history of
the ~tress variation during welding; however, it was not
made clear whether the effect of heat loss was considered.
The following is a step-by-step method. for the calcu-
lation of thermal and residual stresses resulting in a plate
arc-welded at either the centerline or edge by a moving
t
electrode, assu~ing that the bead is d~posited at a uniform
rate. At each step the plastic deformation is considered,
-14-
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and equilibrium accounted for.' This method is compared to
others at the end of the description.
Equation 2.1 must first be solved for the temperature
distribution, utilizing the parameters as indicated by test,
such as speed of welding, current and voltage. (This was
considered in the example of Appendix A in Ref. 9.) Since
it is impossible to make a continuous computation for the
thermal and residual stress calculation, the time between
onset of welding and end of cooling ,must be divided into
sufficient intervals so that the temperature and thermal
stress for each i~crement may be regarded as being constant.
Since the greatest changes in temperature occur immediately
after the onset of welding, the time increments should be
short at first and comparatively long for t4e time approach-
ing infinity. For most calculations it was found that about
five time intervals were sufficient, nam~l~, with time taken
at 0, 25, 50, 100, 300 and 00 seconds •
-16
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stress at the last step being that at the cooled temperature,
that is, the residual stress.
This method is shown pictorally in Fig. 6 and described
in detail in the Appendix. It is noted in the figure that
the thermal·stress at zero time is zero at the weld; this is
due to the conc~ntrated heat source and resulting high tem-
perature there. Each increment has its thermal stress added
to that already ,cumulated from the preceding steps, the addi-
tion m~st satis~y bO~h equilibrium and the ~axi~um yteld
stress eXisting at that temperature. The temperature de-
fining the yield str~ngth is that of the time interval, not
that of the temperature increment. Very little accuracy is
added to the computation by increasing the time intervals
, .
at any time other than close to zero time.
There are;a nu~ber of assumptions inherent in the
above method:
1. The thermal constants and the material proper-
ties at elevated temperatures are known.
(Actually, the data available is very limited.)
2. The weld deposits metal at a uniform rate and
uniformly throughout the thickness of the plate.
(Actually, the. rate of deposition is close to
uniform with an experienced welder, or. with
I
I • automatic weld~ng equipment, but the uni-
formity throughout the ·deposition does not usually
eXist.)
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3. The time intervals are small enough to give a
reasonably continuous and true ,thermal stress
pattern. (Actually, the accuracy of the com-
putation depends mainly on the time intervals
at the onset of the welding.)
4. The effects of transverse stress has been neg~
~ , ~.. . , . .
lected. (Actually, the weld while melting and
cooling causes changes not only in the longitu-
dinal direction, but also transversely that
is, a moment exists due to the transverse forces
which is neglected in the computation. This
moment can be increased or decreased if adjoining
parts cause a non-uniform restraint, for example,
at the junction of a flange and web. The effect,
however, is of secondary importance.)
5. The fiber ,has no further resistance to load when
its stress reaches the yield point value. This
assumes an idealized elastic-plastic stress-
strain relationship at all temperatures.
(Actually, as described in Section 3, the stress-
strain curve at elevated temperatures is not of
the idealized elast.ic-plastic type, but rather, a
non-linea~ curve. The yield point is therefore
defined by an offset so that considerable resist-
ance to load can exist past the specified yield
point.)
6. The heat input is known. (Actually, heat input
249.11
for this investigation was not determined ex-
perimentally. The heat input has a marked
effect on the thermal and residual stress dis-
tribution.)
-18
•
In addition to the above assumptions, it was also as-
sumed that plane sections remain plane, and ~hat each fiber
has the same properties. Also, it is assumed that the prob-
lem of yielding and elasticity is two-dimensional.
Finally, it is, assumed that the conditions of compat-
ibility are satisfied at all times throughout the process
of the formation of thermal and residual stresses. The
compatibility condition is that each transverse section of
the plate remains plane and perpendicular to the line of
weld for each time increment considered. In other words,
the strains corresponding to the thermal stress at any time
must be uniform across the complete section. The assumption
of continuous compatibility is based on the fact that a
length of plate being welded will be sufficiently long that
any element in it may be regarded as having fixed' ends; that
is; the compatability condition is enforced. Actually, a
section under a thermal gradient is.neither completely free,
nor completely fixed. A very short section of plate would
be completely free t~ expand, where~s a very long plate
would have a rest~aining influence exerted on the heated
portion by the coole~ portion. Furthermore; the usual shop
practice is to clamp the structural elements to a work table
249.11 -19
for fabrication. Figure 7 gives an example of a plate in a
fixed-ended condition sustaining a compressive temperatu~e
force and a tensile equilibrium force.
It would qewe+l to point out that the major step in-
volve~'in th~s computational method is that of adding.
together the incremental thermal stress, the previous ther-
mal stress and the equilibrium stress. As shown in the
Appendix, there is no actual addition. In reality, the pro-
. .'. ' -
cess of stress formation is simultaneous with that of equi-
librium. The "addition" of the method is really a computa-
tional approach to the natural phenomenon of stress formation
and equilibrium. The example shown in the Appendix illus-
trates the efficacy and accuracy of the method.
The equilibrium force is not actually distributed
evenly over the cross section~ Indeed, at the vicinity of
the weld for the first few time increments the material is
plastic and incapable of resisting any stress. The equilib~
rium force does not strictly imply uniform equilibrium
stresses. The equilibrium stresses derive from the equilib-
rium strains which ~re uniform over the whole section. But,
the Young's modulus is not uniform, due to the effect of
elevated temper~ture. However, except ~or,very hot material
I
near the weld W4ich is already plastic, the var~ation of E
,',.-... 1/' ,--
leads to a negligipl~ variation in the equilibrium stresses.
For this reason the equilibrium stre,sseshave been m~de uni-
form and act over the whole cross section except the plastic
249.11
material near the weld.
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The above method for the calculation of residual
stresses was prepared for this investigation and differs
from all previous methods found in the literature, except
. .(16) i t d tthat d~veloped by Rodg~s and Fetcher • As po n e ou
ear;I.ie~ in this .section, other methods either dj,.d not con-
sider plastic deformations, or else assumed an arbitrary
position for the extent of plastic ~aterial quring welding.
This method automatically takes intq account th~ extent of
plastic deformations. The method differs from that of
Rogers and Fetcner, ~ot only that it has b~en applied to
isotherms set up by a moving electrode, but ~lso in the con~
sideration of equilibrium and heat input. The method of
Rogers and Fetcher applied equilibrium to the algebraic
addition of tncremental stress and the previous thermal
stress. As shown above, this does not represent the actual
natural phenomenon of spontaneous equilibrium. When con-
sid~ring such differences, one should not forget that all
methocis to compute residual stress are approximate, and ·vary
only in the deg~ee of approximation. The method of this in-
vestigation has been applied also to edge-welded plates, and
this has not been considered hitherto in the literature;
(this is discussed below).
Figures 8(a) and (b) give a plot. of the temperature
and thermal stress variation with time.(9) Theoretical and
experimental values for residual stress are compared in
•
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Figs. 8(c), (d) and (e). Figure 8(c) also shows that cutting
down the number of time increments has only a minor effect
on the computed residual stress. Figure 9 shows further
comparisons between computed and measured residual stresses
in a center-welded plate. The computation for this plate
considers the effect of including initial stresses, of con-
sidering the effect of preheating, the effect of yield
strength modified to a higher value near the ,weld, and the
effect of using the equation for "thin" plates (described
further in Section 8). Although there is not a good corl'e-
lation between computed and measured residual stresses for
the computations using Qp = 1 .40 Q, the correlation does
appear reasonable for computations using Q =0.95 Q. Thisp ,
is shown in Fig~ 8(e) where experimental results for re-
sidual stresses in a center-welded 8" x 1/2" plate are
shown; also shown are·computed values for 95% and 140% heat
input and for effect of initial stresses and effect of modi-
fying yield strength to a higher value in the vicinity of
the weld. Figure 9 also compares the effects of the differ-
rent heat inputs. : The results of tnese fi~res indi9ates
that a :heat input of 95% of the experimentai gives theoret-
ical residual stress distributions which are quite close to
those determined experimentally. (This is shown for Plates
T-3-1 and T-5-4 and inferred for Plate T-1-1.)
The values of heat input greater than unity reflect
the computations made for heat inputs before correct values
for voltage were known. They do serve, however, to show the
249.11 -22
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effect of variation of heat input on the final residual
stress distribution. The results of these limited number of
computations indicate that the commonly accepted value of
35%'heat losses may be too great.
,The preceding has described ~enter-wel~ed plates. The
edge-welded plate, on the other hand, requires a further step
in the computation for residual stresses. This 'step is to
take into account the, equilibrium of moments due to the non-
symmetry of the temperature stresses, (6) the moment equilib-
rium check being made at the same ttme as the check'for,force
equilibrium. This further step is required since the temper-
ature distribution is not symmetrical. The comparison between
the two cases, symmetrical and non-symmetrical temperature
distribution for thermal stress, is shown diagrammatically
in Fig. 7. The computation of thermal and residual stresses·
for edge-welded plates is outlined in the Appendix.
As seen from Fig. 7, symmetrical and non-symmetrical
temperature distributions differ in their effect on the
thermal stress. A sYmmetrical temperature distribution
creates an equilibrium force which acts in the center of
the,plate resulting in uniform equilibrium stresses. The
non-symmetrical temperature distribution, on the other hand,
creates an equilibrium force which does not act in the cen-
ter of the plate. That is, the equilibrium force for this
latter case results in ,equilibrium stresses which are not
uniform across the plate.
249.11
Figure 10 gives a comparison between residual stresses
for an edge-welded plate, as determined from experiment, and
by computation, using heat inputs of 120%, 60% and 40%. As
concluded above for the center-welded plates, 65% heat input
(or 35% heat loss) may be too conservative, and for an edge
weld, where heat losses would be even greater, it would ap-
pear that '40% heat input (60% heat loss) is more realistic.
It should be noted that t4is whole section, and indeed;
the complete paper, ,is concerned with two-dimensional resid-:
ual stresses and yield criteria. It is assumed that the
plates under consideration are sufficiently thin that the
, '.
variation of residual stress through the. thickness may be
neglected. If the plates are in effect two-dimensional, then
the yield criteria for plastic defo~mation is d~fined for
each fiber by its yield strength. TlJ.is assumption leads to
no great inaccuracies for the usual structural Plates.(7}
. .
Indeed., without this assumption, the temperature distribution,
thermal and residual. stress computations would be almost im-
possible to compute. Weiner(36} made the first analytical
investiga,tion of th~ thermal and re~idual stresses occurring
in a free plate of elastic-plastic material subjected to a
varying heat input over one face. The solution presented was
rigorous: and unique.:, The Mise s I condition wa,;s applied as the
criterion of yielq,ing, but the variation of mate.rial, proper-
ties with temperature was disregarded, otherwise the problem
would have beeni~soluble. The Weiner solution indirectly
shows the appIicability for practical cases of the assumption
of the simple yield criterion.
6. OOMPUTATIONAL AIDS
A number of aids are available for tAe computations
required in the analytical investigation, outlined above.
The se depend upon the materi'al and thermal propertie s of the
material under investigation, and can only be calculated if
I
certain values are assumed for these properties which may be
regarded as being the same for all plates in the investiga-
tion.
Perhaps the most tedious computation involved is that
of the temperature distribution. This can be reduced con-
siderably if tables. are constructed for r ~nd ~ ,and for
the term [e-"'v~. Ko(~vr)J in Eq. 2.1 T:\1is latt~r term
depends mainly upon v, the velocity of the electrode, which
varies somewhat d~pending upon conditions. Hence, provided
a sufficient nUIlJ.ber. of values arecnosen for r, ~ , and v,
the pomputation,of the temperature distrib~tion for any
plate with the sam~ material proper~ies as tAat for which
o
the constants are calculated is reduced to the use of the
table ari~ the heat input and the thickness of the pl~te. In
other words, the calculat+on of temperature at any point is
I
reduced to a one-step computation.
A further aid to the computation can be made with the
thermal and residual stress calculations. This is the
-24-
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construction of tables showing the temperature stresses over
the complete range of temperature, such tables giving the
stress without the double measurement of the Young's modulus
and the coefficient of linear expansion at any particular
temperature. He~ce, the value of the incremental tempera-
ture stress [6~J may be read directly from the prepared
tables.
Another aid in the computation maybe the ~etermina­
tion of the equilibrium stresses on the basis of an equilib-
rium check made with ~ planimeter, or by cou~ting squares.
However, the division of the plate into ~efi~ite widths for
the residual stress computation is simple and quick, any
desirable accuracy being obtained by'making; the width of
the strips narrower.
References 37, 38, 39 and 40 were found to be very
helpful in the computation of Bessel functions required for
the temperature distribution •
••
7. COMPARISON BETWEEN ANALYTICAL AND
EXPERIMENTAL RESULTS
Comparison between the residual stress distribution
for four welded plates, as calculated by the methods
explained in Section 5 and as measured in the test program,
are shown in Figs. 8, 9 and 10. Figure 11 shows typical
residual stress distributions measured in the experi~ental
program, which has been described in Ref. 41.
Figures 8(,c), (d), (e), 9(a), (b), and 10 show resid-
ual stress distributions for four plates, and compare the
experimental results against various computed values and for
variation in assumed heat input. The computed values in-
clude the effect of initial residual stresses, do not in~
clude this effect, include th~ effect of preheating from the
electrode, include the effect of more or less steps in the
calculation, and include the effect of very small thickness
of plate.
In general, the computation methods gave results which
differed from the experimental values. The computed resid-
ual stress distribution was similar in shape to the experi-
mental one and, in some cases, the differences, between them
could be regarded as negligible. (Plates T-3-1 and
T-5-5, Figs. 8(e) and 10.) The major factor which
-26-
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dominated the residual stress distribution was the heat in-
put. While this was not specifically determined experimen-
tally, comparison of theory and experiment for residual
stress distribution indicated that heat inputs of about 95%
of the total heat generated during welding occurred for
center-welded-V~grooyedplates, and about 40% for edge-
welded plates. The number of computations made was too
li~ited in this study, as well as in the major study,(31)
to make any definite c.onclusions as to heat losses and
"
actual heat input contributing to the for~ation of residual
stresses during welding. Previous studies'have not compared
- .
the heat losses from V-groove welds and edge-welds.
The computation for the derivation of the residual
stresses in Plate T-5-5 has been described in the Appendix,
and for Plate T-3-1 in R~f. 9. It is seen fro~ the plot in
Fig. 8(c) that a reduction in the number of steps in the
computation does,not have any great,effe,ct on the computed
residual stress distribution. (The number of steps con-
si~ered are 6, 5 and 4.) Neither is there any great effect
due to the inclusion, of initial residual stresses for the
calcul~tion (Fig. 8(d)). Since the computation assumed a
yield strength of 37 ksi, and the actual exp~rimental meas-
urement(41) showed a yield strength of 58 ksi at the weld,
a computation was carried out assuming that the vicinity of
the centerline 4ad a yield strength varying from 58 ksi at
the centerline ~o 37 ksi at a distance of 1.2 inches from
th~ centerline. The, extra forces brought into effect in
249.11 . -28
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the computation resulted in a distribution with values of
residual stress much, higher than those of any other computed
distribution for. a heat input of ·140%; the ·correlation was
reasonable for Q = 0.95 Q. In general, the weld material
. . p
has a yield point up to 50% higher than that of the parent
~~terial,(41) and this should be taken into account in the'
computation. (See Figs. 8(0.), (e), and 9(a).)
.~or the heat losses giving be~t corr~lation, ~o reason
c01l1d be given for the small diE!crepancies .between computed i!
and test results, except that the thermal'and material pro-.
pe~ties for the .material are not known, pa~ticularly, at the
higher temperatures. The effect of restraint of adjoining
pieces.;must be discounted, in the light of the results of
Ref. 9.
The plates of. the experimental investigation, when
welded, are cl~ped to heavy structural shapes. These shapes
would absorb some of the heat from the plates. It is not.
known how this would affect the residual stress distribution
of the plates.
The inclusion of the effect of pre-heating is shown in
the curves for Plate T-5-4, Fig. 9(a). (The di.stribution for
the effect of p~e-heating actually coincides with that for the
II
. .
same calculation without this effect "no initial stresses".
In. other words, the effect is negligible.) Preheatipg of the
plate during welding comes about since the portion of the
plate immediately before the moving electrode is heated, before
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the electrode actually reaches·there. The computation
merely involves finding the temperature distribution in
front of the moving electrode, as well as behind it, as is
normally the case.
Plate T-1"'71, Fig. 9(b), may be regarded as a "thin"
piate~ being onlY. 1/4" thiCk.(7) Then, according to
Ros~nthal(7), h~at losses through the surface to surrounding
atmosphere may have. to be taken into accQunt. (Rosenthal
showed that this should be done for thickness less than
about 0.4 inch(7).) The term ~v in ~he Bessel function of
Eq. 2.1, is modi~ied to j(~v)2.+ m' , where m =~tl, and k1 is
the thermal surface transmission. Such a computation re-
sulted in different curves, although again, only anapproxi-
mation to the experimental results. (See Fig. 9(b) under
"Equations IIJ,odified for very small thickn~ss of plate".)
For ease of comparison and computation, all the plates
which were used for computation were center-welded in one
pass or edge-welded in one pass. A computation for the re-
sidual f3tress distribution from a multi-Pass weld would be
similar. to that .givenabove. This is true also .for the in-
clusion of the effects of initial residual stress. The
initial. residual stresses are ta~en into account when the
summation of thermal and equilibrium stresses is made, (see
Appendix). Similarly, to take into account multi-pass welds,
the actual time difference between each pass must be known,
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and when the temperature distribution for each pass is cal-
.
culated, that of the preceding pass must be taken into
account. Such a computation was not made.'
It was mentioned in the Introduction that(5) the tem-
peratur~ distribution of a plate can be assumed to be that
of an infinite plate if the width of the plate is wider than
about 10". A g~aphical method was also given(7) to deter~ine
the temperature distribution for a finite plate ~rom that for
an infinite plate; $ee "Mirror Method", Fig. 2. For, the
computations of this investigation, all temperature distri-
butions.were computed on the assumption of an infinite plate,
with no, correction made for the finite width. The effect of
finite width exists only fDr the temperatu~e distributions
at about t = 100 and t =300 seconds; for these time in-
crements the temperature at the ,far edge is finite. These
correct~ons were not made since the temperature distribution
at zero time has the greatest effect on the final residual
stresses, any small variation in later distributions playing
, ,
a negligible role in the final residual stress distribution.
In general, the calculated .residual stress ,magnitude
and distribution are quite close to the experimental values,
provided the assumed heat losses given above were used •
8. SUMMARY
1. The investigation was concerned only with bars and
universal mill plates of ASTM Designation A7 struc-
tural Steel of sizes 6" x 1/4", 8" x 1/2" and
12" x 3/4". The plates considered for computation
were single plates edge-welded, center-welded, or
two plates butt-welded to simulate a center-welded
plate. A single pass weld was considered, although
I, ,-
the method is applicable to multi-pass welds.
2. The tempera~ur~ distribution in a plate heated by
welding depends upon the thickness and width of the
'plate, speed of welding, position 9f,weld, the ther-
mal properties,of the material, and the heat input
due to the welding. (Section 2.)
3. The equation for the temper~ture distribution in a
thin semi~infinite plate (Eq. 2.1) was used to com-
pute the temperature distribution in edge-welded
plates and in center-welded plates, and, by ~uper­
position, may be used in plates welded on two edges
similarly and simultaneously. (Section 2.) This
equation may also be used along with the "mirror
m$thod" to ~iv~ the temperat.ure distribution for
"narrow plates". (Figure 2.) A knowledge of the
~31-
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temperature distribution enables the thermal and
residual stresses to be computed.
-32
4. The review of the literature showed that there is
a considerable variation in the properties of
materials at high temperatures. The variation may
be consid~rable even for steel of approximately the
same carbon content. Lack of knowledge of the exact
variation is one factor prev~nting anaccuratere-
sidual stress computation being made for a welded
plate. (Figures 4 and 5.)
5. ~he heat input,during welding is known only very
approximately~c The limited literature available.
s~ows that the heat losses f~om melti~g of ~lectrode
and of bead, radiation and other sources is about 35%.
However, .the results of this investigation, ~or three
center-welded and one edge~welded plate, have indi-
cated that assumptions of losses of about 5% and 60%
respectiv~ly for center-welded V-grooved plates and
for edge-welded plates result in computed residual
. ,
stress distributions very similar to those obtained
by experiment. (Figures 8(e), 9 and 10.)
6. The computations made for residual stress distribu-
tion in w~lded plates considered the effect of initial
cQoling residual stresses, the effect of very small
thickness .of plate,. and the effect of more or less
steps in the computation. All of these effects have
•a noticeable influence on the residual stress
magnitude and distribution. These effects vary
in their magnitude, but are not as great as the
effect of variation of heat input. (Figures 8(c)
and (d), 9 and 10.) The effect of preheating from
the electrode was negligible. (Figure 9(a).)
-33
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7. The computational method for the determination of
residual stress distributions in welded plates
gave results very close to those ,obtained by ex-
periment provided the assumed heat losses given
above were used. (Figures 8(c) and (d), 9 and 10.)
Such computations can be carried out only w~en the
welding conditions are known or can be accurately
estimated. Furthermore the assumptions for the
heat losses depend upon accurate measurements of
the heat input obtained from a knowledge of the
welding c~nditions.
8. The yield point of the material was assumed to be
37 ksi for the computations. The thermal and re-
sidual stresses reach the yield point value only
at ,and in the vicinity of the weld. The material
at,the weld is under a tensile residual stress with
a magnitude greater than the ,yield point of the
parent materia~. Computations we~e .ma~e taking
into account ~he higher yield point of, the weld
material; this effect was very noticeable, but
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varied in its magnitude. (Figures 8(d), 9 and
10~)
9. The effect of heat input,dominates all other
effects considered in the computations. Until
further work is conducted to study the heat losses
and the actual heat input for V-groove welds, fillet
welds, butt welds and edge welds, computational
methods for obtaining residual stresses will not
be reliable.
AE
v
d
h
k
90 NOMENCLATURE
current in amps
Young's modulus of elasticity
modified Bessel function of second kind,
zero order
total heat generated
total heat input
temperature at a point in a solid,
depth of a weld
average temperature of twotempera,ture
increments
temperature at a time lnqrement of
25 seconds after onset of welding
voltage in volts
symbol denoting single V-groove weld
width of a plate,
symbol denoting a differential or an element
of a quant~ty I
thickness .of~plate
thermal conductivity of a material
..
. m a parameter, m = 2k1/hk
, r radial ordinate, r = JS2 + y2'
s specific heat of a material
-35-
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t time
v velocity of welding rod during deposition
of weld
x
y qartesian coordinates
z
.,
LlT increase in temperature T, at a point or at
an element of volume in a body
a symbol denoting a summation of terms
~ coefficient of linear expansion
C ~nit strain
2~ thermal diffusivity =k/sc
~ longitudinal ordinate with respect to a
moving heat source
f densi ty:.
(Jstress
(J temperature stre ss = .6. T. Clc:::. E
equilibrium stress, used in thermal stress
calculations
moment equilib~ium stress, used in thermal
stress calculations
residual stress
yield point or yield strength
••
•
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11. APPENDIX
COMPUTATION OF THERMAL AND RESIDUAL STRESSES
IN AN EDGE-WELDED PLATE
The method for computating the temperature distribution,
thermal and residual stresses for a center-welded plate has
, '
bee~ completely detailed in Appendix A of Ref. 9.
T~e following is a computation of thermal and residual
stresses in an edge-welded plate. One step of xhe step-by-
step method is illustrated in detail. The example also serves
as a model for the computation of thermal and residual stresses
in center-welded plates; for which case, themetho~ is the
same, except that ther,e will be no moment equilibrium to take
into account.
Plate T-5-5 Edge-Welded Plate
12" x 3/4"
1/4"
Current:
Voltage:
Velocity:
plate
edge weld
325 amp.
30 v.
o•10 in/sec.
•
The following computation for thermal stresses at the
instant of welding does not include initial cooling residual
stresses, and it is based on a 60% heat input (or 40% losses) •
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In the above table,' the values for the temperature at
zero time come from the computation for temperature distri-
bution, performed separately. ~T is th~ increment of tem-
perature over the preceding temperature. The values for E
and OG are the average temperature of the increment, and are
taken from Figs. 4(b) and (c). The temperature stress [a]
is the stress resulting from the increase in temperature.
T~e temperature stresses are not in equilibrium, and
equilibrium is made by obtain~ng th~ total force, ~ Li P, and
the total moment, 2' b. P•y, and oppo sing them by equal and
opposite forces distributed over the complet~ elastic cross-
section. (This is illustrated in Fig. 7.) For convenience,
the "cross-section has been divided into ?- 11llwber of widths,
~b. In the case above, for t = 0 secs, the first two
widths next to the weld are in a plastic condition, and
hence play no role in resisting the equilibrium force.
Since the actual thermal stress for the time increment
is a summat~on of the temperature stress and the equilibrium
stresses, and since this summation is actually simultaneous,
a trial and error method must be used in a computation.
The seyen trials used above illustrate the proc~ss of
trial and er+or operation required for equilibrium. The
first trial is arbitrary, and is based on the knowledge that
the summation of equilibrium and
, (,,!:IP 6 <C' 'AP.¥
stresses ~T2 =- .2, ~ I =
greater than is the case for the
of moment equilibrium
-3.8) are uEjually much
final trial, although they
•
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may be used fora first trial •.
-41
The first trial ~as assumed aeq =+ 0.5 and am/y =- 0.3,
where a
eq is the equilibrium stress due to equilibrium force,
and am is the equilibrium stress due to the equilibrium mo-
ment. (am =~ Y.), The summation is made of temperature
..
stress [a] and ~qlli~ibrium stressesCJeq and.qm. The thermal
stress for t~e first trial, ao ' is obtained from this summa-
tion by modifyi~g the values where needed by taking into
account the maximum value of the yield strength at the tem-
perature of the increment. The trial is unsatisfactory as
. '
•
•
seen from equilibriu~ check, since ~he thermal stress distri-
bution does not result in force and moment equilibrium•
(Z A P = - 13.7 and Z tl P. Y = - 129.9 .)
The final trial shows the actual values for thermal
stress. Experience in the method will cut down the number
of trials. The number of trials involved is about twice that'
for a comparable center-welded plate, which has only one
variable, (Jeq.
In these calculations, the thickness of the plate need
not be considered in the equilibrium stresses. This is be-
cause the method is iterative, and the final equilibrium con-
dition automatically accounts for thickness. However, if the
thickness does vary, it must be taken into consideration.
Also, the neutral axis for the partially plastic section is
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no longer at the centerline of the plate, but is assumed so
for the computation for simplicity, the error involved being
negligible.
I .
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The portion of the calculation above for t = 25 s~cs
shows that the whole computational procedure is repeat'ed
again. In this case, .there is one additional stress in the
summatipn for t4e thermal stress. A summation is made of
temperature, previo~s thermal and present eq~ilibri~
st.resses, or a - a + raj + a +25 - . O. L eq
limited by the maximum value for ay
am. The summation 1s
at any point.
In the case where initial cooling res1dualstresses
•
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are included', these are added together with the summation of
stresses for the first time increment, t = O.
The summation used to obtain the thermal stress is a
computational approach. No computational method can put in-
to equilibrium the summation of temperature stress and,pre-
ceding thermal stress, taking into ~ccount the limits of
yield strength; the me~hod must be trial and error.
Summary of Thermal Stresses:
Plate T'"'!5-5, Edge-Welded/Plate (Qp =0.60 Q)
.---
y 0 0.2- O,'/- 0.8 /, Z. 1·6 2,0 4·0 6.0 B.O I()·O 12..0
_.
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-30'7 to,S +11f,3 +g,2 .f 2., I -4,0 -/0./
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The residual stresses computed for Qp' = 1.20 Q, 0.60 Q,
and 0.40 Q are plotted in Fig. 10. Initial cooling residual
stresses are also considered, as well as the effect of higher
yield strength at the weld. (The initial cooling residual
stresses were assumed as being parabolic in distribution
with + 12.5 ksi tension at the edges, and - 5.0 compression
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at the center. It is possible that stresses of too high a
magnitude have been assumed. This is seen from a comparison
of the stresses at the 12" point for the experimental r~sults
and those for Qp =0.40 Q; at other points, the correlation
is very reasonable.) The effect of increase of heat input
is markedly visible on the residual stress distribution •
••
•
12. TABLES AND FIGURES
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TABLE 1
a) AVERAGE CHEMICAL COMPOSITION OF STEEL PLATES USED
C Mn P S
% 0.20 0.60 0.011 0.025
b) CHEMICAL COMPOSITION, OF STEEL USED IN ELEVATED
TEMPERATURE MATERIAL PROPERTIES TESTS
Ref,. C Mn P S
16 0.20 n ot g i v e n
17 0.13 0.45 0.011 0.023
18 . ' 0.16 0.55 0.013' 0.032
19 0.31 0.66 not given
I
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TABLE 2
TEST PROGRAM: PLATE SIZES TESTED
I~ 4 6 8 10 12 16 18 20
1/4 x 0 x 0 + * x 0
3/8 0
1/2 0+* 0 x d * 0 x 0 + * 0
3/4 0 0+* 0
1 x 0 o + it 0 X 0
t Thickness of plate
b Width of plate
x Residual stress before welding
0 Residual stress after welding
+ Coupon tests before welding
*
CO'Ll.pon tests after welding
t'
Note: All sizes given are in inches.
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Fig. 7 FORMATION OF THERMAL STRESS
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